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We point out errors and oversights in a paper by Giordano, Laforgia, and
w xPecaric 3 on inequalities involving Bessel functions. Q 1997 Academic PressÏ Â
1. INTRODUCTION
w xGiordano, Laforgia, and Pecaric 3 stated the inequalityÏ Â
nn J x J x .  .n k nF , 1.1 . x xks1 k
where
n1
x [ x , 0 - x - j , 1 F k F n , 1.2 . k k n , 1n ks1
 .where j is the mth positive zero of a J z . Giordano, Laforgia, andn , m n
 .Pecaric also claimed that t x and all its derivatives are log convex forÏ Â n
n ) y1r2, where
n
t x [ G n q 1 2rx I x . 1.3 .  .  .  .  .n n
The purpose of this note is to point out some errors in the statements
w xand proofs of these results as stated in 3 , to possibly provide a corrected
version, and to attempt to explain the sources of results of this type and
explain how one can generate similar results.
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2. MAIN RESULTS
w xGiordano, Laforgia, and Pecaric 3 did not specify the domain of n forÏ Â
 .which 1.1 holds. Since in their proof they explicitly assumed that all the
yn  .zeros of z J z are real and not zero, it is then necessary that n ) y1.n
 .Their Corollary 2.1, however, states that J x rx is log concave forn
 .  .n ) y1 and x g 0, j , which would imply 1.1 under the same restric-n , 1
 .tion on x and n . We shall see below that 1.1 does not hold for n s 1r2
 .  .  .and x g 0, j . It is easy to see that 1.1 holds for n G 1 and x g 0, j ,n , 1 n , 1
yn  .where it is weaker than the log concavity of x J x . To see this, noten
w  .xthat the factor product representation 2, 7.9.1
`
yn 2 2G n q 1 xr2 J x s 1 y x rj 2.1 .  .  .  . .n n , n
ns1
w  yn  ..x  .implies that log x J x 0 is negative and continuous for x g 0, j .n n , 1
Furthermore,
ny1 yn0 0 0log J x rx s log x q log x J x .  . .n n
yn 0- log x J x - 0 2.2 .  . .n
 . w xfor n G 1. What seems to be wrong in the proof of 1.1 in 3 is that the
n n n .authors replaced x ??? x rx by x ??? x rx , which may be a larger1 n 1 n
quantity, in going from the second inequality to the third inequality in
Section 2.
 .We now show that 1.1 is false for n s 1r2. Our claim is true because
2 sin x
J z s 2.3 .  .(1r2 ’p x
implies j s p and we find1r2, 1
d2 J x d2 sin x 3 1 .1r2
log s log s y . 2.4 .2 2 2 2 /  /’xdx dx 2 x sin xx x
 .  .It is now clear that the left-hand side of 2.4 changes sign in 0, p . In fact,
 .the right-hand side of 2.4 changes sign only once at x s j , where j is the
positive solution to
’ ’3 sin x s 2 x , x g 0, p . 2.5 .  .
 .  .Thus J x rx is neither log convex nor log concave in 0, p .1r2
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 .The above example is instructive since it shows that J x rx is log1r2
 .  .convex in 0, j and log concave on j , p .
 .THEOREM 2.1. For y1 - n - 1, the function J x rx is log conca¨e forn
w  2 .x1r22 1 y n F x - j .n , 1
 .  .Proof. From 2.1 and 2.2 it follows that
2 `d J x n y 1 1 1 .ny log s q q2 2 2 2 /xdx x x q j j y x .  .ns1 n , n n , n
2` 1 1 4 n y 1 .
s q q , 2 2 2 2x jx q j j y x .  . n , nns1 n , n n , n
w  .xwhere we used 2, 7.9.5
` 1 1
s . 2.6 . 2 4 n q 1j  .n , nns1
 . 2The concavity of f x s 1rx implies
1 1 1 1 1
q ) .2 2 22 2 jx q j j y x .  . n , nn , n n , n
Therefore
2 2 `d J x 2 1 y n 1 .  .ny log ) 2 1 y . 2.7 .2 2 2 /xdx x jn , nns1
 .The theorem now follows from 2.7 .
2’The bound 2 1 y n of Theorem 2.1 is far from being best possible. .
 .When n s 1r2 the bound j given by 2.5 was found by Mathematica to
2’be 1.08041 while 2 1 y n is 1.22474. Our proof of Theorem 2.1 clearly .
 . w   . .xindicates that there is a unique point s in 0, j at which log J x rx 0n , 1 n
changes sign. This is so because
x 2 x 2
q , n s 1, 2, . . . ,2 2x q j j y x .  .n , n n , n
 .is monotone on 0, j .n , 1
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 .We now come to 1.3 . Let
b x h y .F x [ e w y dy , 2.8 .  .  .H
a
 .  .  .  .where w y G 0 and g y is real for y g a, b . From 2.8 and mild
 .integrability conditions, it is known that the log convexity of F x follows
from
F l x q 1 y l x . .1 2
b  .l 1yls exp l x g y w y exp 1 y l x g y w y dy .  .  .  .  . .  .H 1 2
a
l 1ylF F x F x .  .
 .after applying Holder's inequality with p s 1rl and q s 1r 1 y l .È
 .  .  .It is clear from 2.8 that if g y G 0 on a, b then under mild
integrability conditions the derivatives of F of even order will be strictly
 .  .log convex. On the other hand, if g y changes sign in a, b , then without
additional information, we cannot conclude that the derivatives of F of
w xodd orders are log convex. The authors of 3 seem to have overlooked this
 .  .  .point because in their case, namely the functions t of 1.3 , a, b s 0, 1n
 .  .  .and g y s 2 y y 1 and g y changes sign in 0, 1 .
It is evident from the above argument that e x h y . can be replaced by
  ..f xh y where f is an absolutely monotonic function. This gives rise to
many inequalities for special functions and functions that are not so
special. One simple example involving the confluent hypergeometric func-
tion is
eyx F a; b; 2 x .1 1
G c . 1 cyay1ay1s exp x 2 y y 1 y 1 y y dy 2.9 .  .  . .H
G a G c y a .  . 0
w  .x  .for Re c ) Re a ) 0, 1, 6.5.1 . Clearly 2.9 indicates that the left-hand
 .  .side of 2.9 , as well as its derivatives of even order, are convex on y`, `
when c ) a ) 0. This generalizes the t functions sincen
nyxe F n q 1r2; 2n q 1; 2 x s G n q 1 2rx I x . 2.10 .  .  .  .  .1 1 n
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